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Domain of operators

I Mρ Multiplication by ρ ∈ L∞(R)
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I Mρ does not preserve Domain i d
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Distributional kernals

I Composing the two operators T = Mρ ◦ i d
dx

C∞c (R)
Mρ // E ′(R)

C∞c (R)

i d
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I Schwartz kernel Theorem: ker(T ) ∈ D′(R× R)

I Singularities of ker(T ) contain much information on T
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Distributions

D a PDO on M closed Riemannian manifold.

I D unbounded operator on H = L2(M).

Sobolov spaces Hk (M):
I Common Domain for all order k operators.
I Maximal (or Minimal) domain of order k self-adjoint

elliptic/invertible D.

‖u‖k := ‖u‖L2(M) + ‖|D|u‖L2(M)

I Frechét space
C∞(M) :=

⋂
k

Hk (M)

Distributions are the dual D′(M) := C∞(M)′
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Ellipticity

I D : C∞(M)→ C∞(M) Local and Continuous.
I Symbol os an operator=“highest order part"

I Symbol of an order 1 Operator D:
I (x , ξ) ∈ T ∗M and df = (x , ξ)
I σD(x , ξ) := [D,Mf ], ξ = df (x)

D elliptic ⇐⇒ σD(x , ξ) invertible

I E → M a Hermitian vector bundle
D : Γ∞(M : E)→ Γ∞(M : E)
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Elliptic Regularity

D Laplace operator on M

I Exist φn, λn

Dφn = λnφn φn orthonormal basis for L2(M)

I λn have finite multiplicity
I Order 0 ≤ λ1 ≤ λ2 ≤ . . .

ND(λ) := #{λi |λi ≤ λ}

I Weyl‘s Law
ND(λ) ' Cλ

dim M
2 , λ→∞

I First term in expansion of e−tD
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Spectral Theory

I D, φn, λn as before
I F a function on R

I Functional Calculus F → F (D)

F (D)φn := F (λn)φn.

I Smoothing operator Ψ−∞(M):
I T : D′(M) → C∞(M)
I T has a smooth kernel

I Implecation of Weyl’s Law

F ∈ S(R) =⇒ F (D) ∈ Ψ−∞(M)
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Approximate units: Functoriality

I F (x) ∈ S(R)

I F (0) = 1

I u ∈ D′(M)
Fε(D)u → u in D′(M).

I Question What properties of u can be recovered from the
approximation Fε(D)u?
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Zeroth model of generalized functions

I G̃(M) = {ε→ γε ∈ C∞(M)}
Generalized functions= Curves in a Frechét space.

I A distribution u represented by Fε(D)u

iF : D′(M)→ G̃(M).

I Drawbacks
I non-unique hence non cannonical representation of

distribution
I Control asymptotic growth of the curve γε

Historically Guillemin-Sternberg in ‘Geometric Asymptotics’
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Asymptotics

I X a Frechét space.
I G∞(X ) curves (0,1) 3 ε→ γε ∈ X such that There exists a

fixed N in Z

any seminorm ρ→ ρ(γε) ∼ O(εN).

I G∞(M) := G∞(C∞(M))

Theorem
If Schwartz function F ≡ 1 near the origin

Fε(D)(D′(M)) ∩ G∞(M) = Fε(D)(C∞(M)).
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Wavefront Set

I Wavefront sets= singularity directions of a distribution
I P pseudo-differential operator order 0.
I char P ⊂ S∗M := σ−1

P {0}

WF (u) :=
⋂

Pu∈C∞(M)

char P.

I generalize this to curves in C∞(M)

WFg(γε) :=
⋂

Pγε∈G∞(M)

char P.

Theorem
Set Tε = Fε(D) for F ≡ 1 near the origin:

WFg(Tεu) = WF (u).
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Colombeau Algebra

I To summarize
I Regularizations Tε = Fε(D) with F ≡ 1 near origin.
I Easy algorithm to obtain WF.

I But curiously for any seminorm ρ on C∞(M):

ρ(Tεf − f ) ∼ O(εN) ∀ N ∈ Z

Set

M :={γε|ρ(γε) ∼ O(εm) m depands on seminorm ρ}
N :={γε|ρ(γε) ∼ O(εm) ∀ m }
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Imposibility result

I There is no commutative algebra A
I with a linear embedding τ : D′(M)→ A

such that τ|Ck (M)
is an algebra morphism. k = 0,1,2 . . .

I Noted by Schwarts in an attempt to introduce nonlinear
structure on D′(M).

However:
Fε(D) : D′(M)→ M/N

is algebra isomorphsim restricted to C∞(M).
I G(M) := M/N Colombeau algebra.
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Frechét Techiniques

I More canonical representations are possible:
I X = Ψ−∞(M) and Y = C∞(M)

D′(M) 3 u →Θu : X → Y
Θu(T ) := T (u)

’pause

Theorem
There exists Frechét grading on Ψ−∞(M) and C∞(M) such that

u ∈ Hs(M)↔ Θu has tameness − k



Modelling geophysics

I M be the Earth, S the surface of earth.
I p(x) be inverse of speed of propagation of material waves

at a point inside M
I Find p(x)?

(p(x)∂2
t + ∆)u(x , t) = δ0(x , t)

u(x , t) = 0 t < 0

I Find inverse of the operator A

A(p(x)) = u(x , t)|S

I The linearization DA is a Fourier Integral operator when
p(x) is smooth
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Geodesics in distributional meterics

I Lorentzian meterics of low regularity
I Geroch-Traschen defined distributional meterics so that

curvature is well defined.
I What are the geodesics?

I Steinbauer-Vickers, Kunzinger-Steinbauer-Vickers at al
Provide sensible notiona of geodesic equations for
distributional Lorentzian meterics
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