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Motivation

= Let M be a smooth compact manifold,= dim M
= A Laplace operator for some meteric
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Spectral counting function

NA()\) — #{)\z T\ € Sp(A), A < )\}
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Let M be a smooth compact manifold,= dim M

A Laplace operator for some meteric
Spectral counting function

NA()\) — #{)\z T\ € Sp(A), A < )\}

Weyl's Law
Na(A) ~ Cp A2
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Example

Flat torusT” = R" /Z"
= Eigenvaluesgir?|o|? For latice pointsr € Z.

= Eigenfunctionsf, (z) = €2\
= Count latice points asymptotically in spheres
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Equivariant Weyl’s L aw

= [' a finite group acting od/.
= D order1 possitive elliptic operator o/

Equivariant non
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Equivariant Weyl’s L aw

= [' a finite group acting od/.
= D order1 possitive elliptic operator o/

Rach eigenspace @ is al' Representation

V;; — ker(D — )\Z)
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Equivariant Weyl’s L aw

= [' a finite group acting od/.
= D order1 possitive elliptic operator o/

Rach eigenspace @ is al' Representation
Vi =ker(D — \;).
For an irreducible representatiaiof I'
Nzp(A) : = > “multiplicity of 7 in V;.”

A <A
— <7Tv Vl>

Equivariant non

-commutative residue.
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Equivariant Weyl’s L aw

= Usual Weyl's law

Np(A) ~ CA

m Action of I" on M be faithful

dim 7

AotV ™~ T

C\"
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Equivariant Weyl’s L aw

= Usual Weyl's law
Np(N) ~ CX"
= Action of I" on M be faithful

dim 7

T

Nzp(A) ~ C'\"

= S, symmetric group om letters
= S, acts onT” =permuting the circles.

T € Sy T(f0($)) — fT(a)(aj)'

= Most eigenspace- Regular Representation.
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Comparison Weyl's Law

= [' action on}M faithful
= 7; be irreducible representations

Ni, mp(A) 1= Z(V)\i,m — o).

A <A
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Comparison Weyl'sLaw

= [' action on}M faithful
= 7; be irreducible representations

Ni, mp(A) 1= Z<V)‘“7T1 — o).
A<

= Relative dim forr;

k = mazger{dim(M?)|xx (9) # Xr.(9)}

= Then asymptotically

Ni rap(A) = CAF.

Equivariant non-commutative residue.
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Pseucodiferential operators

If M Is closed manifold then

m U°°(M) is an algebra.

m (M) is an ideal in>°(M).
The algebra of complete symbols is

If A € A(M) is locally given by symbol expansion

a(z,§) ~ am(z,§) + ap-1(2,§) + . ..

Equivariant non-commutative residue. —p. 7



Noncommutative Resdue

SeeleyForz € C the operatoD? iIs a¥DO of orderz.
For A € W>°(M) the function((z) := Tr(AD~?)
m Is holomorph oRe(z) > d = order(A) + n.

= Extends meromorphically t@ with possible simple
polesatd,d —1,d—2....
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SeeleyForz € C the operatoD? iIs a¥DO of orderz.
For A € W>°(M) the function((z) := Tr(AD~?)
Is holomorph orRe(z) > d = order(A) + n.

Extends meromorphically t@ with possible simple
polesatd,d —1,d—2....

NCRis a linear map-: A(M) — C

T(A) :=res,—g (a(2)
7(A) is unique (up to a const.) trace @n° (M ). That is

r(AB) = 7(BA) A, B € U®(M).

Equivariant non-commutative residue. —p. 8



Local Properties

If A e U>°(M) is locally given by symbol expansion

(2, €) ~ @ (2,€) + i (2,6) + ...

defines a density o/

Wresy(z) = /51 a_n(x,&)dé|dr|

and

Equivariant non-commutative residue.
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Properties

Wresa(x) = /|§—1 a_n(x,&)dE|dx]|

T(A) =C | Wresa(x).

erator oHHC"(A(M)



Equivariant Residues

m ['acts onM — I' acts onA(M)
= Pull back of operators by diffeomorphism

g.D(f)=gD(g"f)  VfeC(M)

= Cross -product

Ap(M) :== A(M)xT = { ZAgg: A, € AM) }.

gel’
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Equivariant Residues

m ['acts onM — I' acts onA(M)
= Pull back of operators by diffeomorphism

g.D(f)=gD(g"f)  VfeC(M)

= Cross -product

Ap(M) :== A(M)xT = { ZAgg: A, € AM) }.

gel’

= Equivariant NCR= Traces onAr (M)

Equivariant non-commutative residue. —p. 10



Zetafunctions

= D be a positive order one elliptic invariant
= For Ain U>°(M) and any group element

Coa(2) :=Tr(D*Ag).
mk, = dim (M)
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D be a positive order one elliptic invariant
For A in ¥*>°(M) and any group element

Con(2) :==Tr(D*Ag).
ky = dim(MY)

Cg.4(2) holomorphic on the half plane
Re(z) > d, d =k, + order(A).

Meromorphic extension possible simple poles at
z=d,d—1,d—2,....

Equivariant non-commutative residue. —p. 11



Thelraces

= (v) conjugacy classes
» Traces ondr (M)

Tr?(Z Ayg) = Z res,—o Cg.A(2)

gel ge(v)

Equivariant non-commutative residue. —p. 12



Local Properties

m Leti/(xy, xo) be normal coordinates € MY

m A symbola(z,n) ~ an(z,n) + am_1(x,n) + ...
= There Is a phase functiofisuch that

WMg ; (Z /Sk /;;_11771 Dl,Dlya_ngrj(ZlZ‘ﬂ?

dS" (my)|dz:|

res,—g Cya(2) = Wi (A).
M9

Equivariant non-commutative residue. —p. 13



Applications

= We say that a positive invariant operafons
m-measurable

D)= fim T <o

— b ZZm ;<N m(ﬂ-)])\] < o0
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We say that a positive invariant operafons
m-measurable

D) = Jim ey <

— ZZm ;<N m(ﬂ-)])\] < o0

Equivariant Connes Trace formula

Tr (D) = Trg(D) = Tr" (D).

Equivariant non-commutative res

idue.

—p. 14
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